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We demonstrate the existence of knot solitons in the standard electroweak theory whose
topological quantum number pi3(S
3) is xed by the Higgs doublet. The electroweak knots are made
of the hypermagnetic flux tube which has a non-trivial dressing of the Higgs eld. We estimate the
mass of the lightest knot to be around 15 TeV, and discuss the physical implications of the knots
in the electroweak theory.
PACS numbers: 12.15.-y, 14.80.-j, 11.27.+d, 13.90.+i
Ever since Dirac proposed his theory of monopoles
the topological objects in physics have been the subject
of intensive studies [1,2]. In particular the nite energy
topological solitons have been widely studied in theo-
retical physics [3,4]. A remarkable type of solitons is
the knots, a prototype of which was discovered in the




(∂µn^)2 − 14(∂µn^ ∂ν n^)
2,
n^2 = 1, (1)
where n^ is the non-linear sigma eld. The Lagrangian




(∂µHµν)∂ν n^ = 0,
Hµν = −1
g
n^  (∂µn^ ∂ν n^) = ∂µCν − ∂νCµ. (2)
Notice that since Hµν is closed, one can always introduce
the potential Cµ for the eld Hµν , as far as n^ is smooth
everywhere. The knots are topological, whose quantum
number of the non-trivial homotopy pi3(S2) described by







Similar knots have also been shown to exist in Skyrme
theory and in the generalized Skyrme theory that we pro-
posed recently [7].
The interest on these solitons, however, has been con-
ned by and large to theoretical physics community, be-
cause the so-called standard models do not seem to admit
such topological objects. The only topological objects
which one can nd in the standard models are the electro-
weak monopoles and dyons which has a non-trivial Wµ
and Zµ dressing [8]. Unfortunately these objects carry
an innite energy, which makes it less interesting to high
energy experimental physics community.
The purpose of this Letter is to demonstrate the ex-
istence of the physical knots in the standard Weinberg-
Salam model of electroweak theory, whose mass is esti-
mated to start from around 15 TeV. Just like the knots
in the non-linear sigma model our knots are topological.
Unlike these knots, however, ours are made of the hy-
permagnetic flux tube which has a non-trivial dressing of
the Higgs eld. More importantly our knots are physi-
cal, whose existence could be conrmed by high energy
experiments (possibly with LHC at CERN).
To see the existence of the knots in the Weinberg-
Salam theory we have to understand the topological
structure of the theory better. An essential ingredient
of non-Abelian gauge theory is its non-trivial topology,
which one must take into account in the dynamics. A
best way to take care of the topology is to introduce a
topological eld n^ which selects the non-Abelian charge
direction at each space-time point, and reparametrize the
non-Abelian gauge potential into the restricted potential
which makes n^ a covariant constant and the valence po-
tential which forms a covariant vector eld [9,10]. To
demonstrate this let ~Aµ be the SU(2) gauge potential of
the Weinberg-Salam theory and let
~Aµ = Aµn^− 1
g
n^ ∂µn^ + ~Xµ = A^µ + ~Xµ,
(Aµ = n^  ~Aµ, n^2 = 1, n^  ~Xµ = 0), (4)
where Aµ is the \electric" potential. Notice that the
restricted potential A^µ is precisely the connection which
leaves n^ invariant under parallel transport,
D^µn^ = ∂µn^ + gA^µ  n^ = 0. (5)
Under the innitesimal gauge transformation








n^  ∂µ~α, δA^µ = 1
g
D^µ~α,
δ ~Xµ = −~α ~Xµ. (7)
This tells that A^µ by itself describes an SU(2) connection
which enjoys the full SU(2) gauge degrees of freedom.
Furthermore the valence potential ~Xµ forms a gauge co-
variant vector eld under the gauge transformation. But
what is really remarkable is that the decomposition is
gauge-independent. Once the gauge covariant topological
eld n^ is given, the decomposition follows automatically
independent of the choice of a gauge [9,10].
Notice that A^µ retains the full topological character-
istics of the original non-Abelian potential. Clearly, the
isolated singularities of n^ dene pi2(S2) which describes
the non-Abelian monopoles. Indeed, A^µ with Aµ = 0
and n^ = r^ describes precisely the Wu-Yang monopole
[11,12]. Besides, with the S3 compactication of R3, n^
characterizes the Hopf invariant pi3(S2) ’ pi3(S3) which
describes the topologically distinct vacua [6,13].
The restricted potential A^µ has a dual structure,
F^µν = (Fµν + Hµν)n^,
Fµν = ∂µAν − ∂νAµ,
Hµν = −1
g
n^  (∂µn^ ∂ν n^) = ∂µCν − ∂νCµ, (8)
where Cµ is the \magnetic" potential [9,10]. Notice that
Hµν here is exactly the same Hµν appeared in (2). Thus,




in terms of which the magnetic eld is expressed by
~Hµν = ∂µ ~Cν − ∂ν ~Cµ + g ~Cµ  ~Cν = Hµν n^. (10)
With the decomposition (1), one has
~Fµν = F^µν + D^µ ~Xν − D^ν ~Xµ + g ~Xµ  ~Xν , (11)






(D^µ ~Xν − D^ν ~Xµ)2
− g
2
F^µν  ( ~Xµ  ~Xν)− g
2
4
( ~Xµ  ~Xν)2. (12)
This shows that the Yang-Mills theory can be viewed as a
restricted gauge theory made of the restricted potential,
which has the additional gauge covariant valence poten-
tial as its source [9,10].
The decomposition (1) reveals the deep connection
between the non-Abelian gauge theory and the Skyrme-






This tells that the Skyrme-Faddeev theory can be inter-
preted as a massive Yang-Mills theory where the gauge
potential has the special form (9), which indicates the
existence of the electroweak knots in the Weinberg-
Salam theory. Our decomposition (1), which has re-
cently become known as the \Cho decomposition" [14]
or the \Cho-Faddeev-Niemi decomposition" [15], was in-
troduced long time ago in an attempt to demonstrate
the monopole condensation in QCD [9,10]. But only re-
cently the importance of the decomposition in clarifying
the non-Abelian dynamics has become appreciated by
many authors [14,15]. Indeed it is this decomposition
which has played a crucial role to establish the \Abelian
dominance" in Wilson loops in QCD [16], and the possi-
ble connection between the Skyrme-Faddeev action and
the eective action of QCD in the infra-red limit [6,17].
With these preliminaries we now demonstrate the ex-
istence of the electroweak knots in Weinberg-Salam the-






G2µν − j ~Dµφj2
− λ
2
(φ†φ)2 + m2φ†φ, (14)
where ~Fµν and Gµν are the eld strengths of the SU(2)
and U(1) gauge potential ~Aµ and Bµ, φ is the Higgs
doublet, and
~Dµφ = (∂µ +
g
2i








The equation of motion of the Lagrangian is given by













[( ~Dνφ)†φ− φ†( ~Dνφ)]. (15)
Now, let
φ = ρξ, ξ†ξ = 1, n^ = ξ†~σξ,
Aµ = n^  ~Aµ, Cµ = 2
g
iξ†∂µξ, (16)
and choose the ansatz
2
~Xµ = f1∂µn^ + f2n^ ∂µn^, χ = f1 + if2,




With the ansatz we nd that the second equation of (15)


















ρ2(g′Bµ + gCµ). (18)
The second equation is a matrix equation, which requires
the following condition to allow a solution
Det








This, together with the last equation of (18), can be ex-
pressed as




(∂µGµν)∂ν n^ = 0. (20)
But notice that this is nothing but a knot equation. In-
deed, in the absence of the Higgs eld, this becomes ex-








This means that (20) describes the Faddeev-Niemi knot
coupled to the Higgs eld ρ and the U(1) gauge eld Bµ.
Furthermore, it is evident from (18) that the equation
for Bµ is very much like the London equation in super-
conductors. Indeed with the ansatz (21) the equation of























This guarantees that Bµ displays the Meissner eect
which forms hypermagnetic flux tubes, which together
with the Higgs eld forms the electroweak knots. The
fact that the knots exist in the absence of the Higgs eld,
together with the manifestation of the Meissner eect of
the U(1) gauge eld, guarantees the existence of the knot
solutions described by (22). This completes the demon-
stration of the existence of new knots made of the hyper-
magnetic flux tube and the Higgs eld in the standard
electroweak theory.
Notice that the ansatz (17) practically describes a vac-
uum for the SU(2) gauge potential ~Aµ. Indeed, with
f1 = 0 and f2 = 1/g, we have ~Aµ = 0. This tells that
our knots are essentially the knots of the U(1) gauge the-
ory coupled to the Higgs doublet. Nevertheless we like
to emphasize that it is the non-Abelian structure of the
Weinberg-Salam model that plays the crucial role for the
existence of the knots. To understand this it is impor-
tant to realize that, even though ~Aµ = 0 according to the
ansatz (17), the SU(2) gauge potential acquires a non-
trivial U(1) component Cµ in the physical gauge where
ξ becomes trivial. This is because Cµ dened in (11)
describes precisely the magnetic potential of (8), which
becomes the U(1) part of ~Aµ in the physical gauge where
n^ becomes trivial [6,9]. This conrms that the existence
of our knots is really due to the non-Abelian structure of
the electroweak theory. Without the non-Abelian nature
of the Higgs eld the electroweak knots would have been
impossible.
Just like the Faddeev-Niemi knots our knots are topo-
logical. But there is an important dierence between the
two knots. Unlike the Faddeev-Niemi knots in which the
non-trivial homotopy is provided by pi3(S2) of the non-
linear sigma eld n^, here it is the non-Abelian topol-
ogy pi3(S3) of the Higgs doublet φ which provides the
non-trivial homotopy. Indeed our knot quantum number
pi3(S3) is given by




Of course one can easily show that (3) and (24) pro-
duce the same quantum number, due to the Hopf bring
pi3(S3) ’ pi3(S2). But certainly pi3(S2) and pi3(S3) are
dierent. Furthermore, with ~Aµ = 0, our pi3(S3) given
by (23) can easily be shown to describe nothing but the
vacuum number of the SU(2) gauge potential [6,13,18].
This reassures the fact that our electroweak knots are
fundamentally non-Abelian.
To understand the physics behind the electroweak
knots, notice that with the ansatz (17) the Lagrangian








Zµν n^  (∂µn^ ∂ν n^)
− 1
4g′2




(∂µn^)2 + (g2 + g′2)Z2µ

3
− (∂µρ)2 − λ2 ρ
4 + m2ρ2, (24)




(g′Bµ + gCµ), Zµν = ∂µZν − ∂νZµ.
This conrms that the Weinberg-Salam theory can be re-
duced to a generalized Skyrme-Faddeev theory, in which
the non-linear sigma eld n^ interacts with the weak bo-
son Zµ and the Higgs eld ρ. Furthermore this tells that
it is the weak boson Zµ which provides the basis for the
Meissner eect, which generates the hypermagnetic flux
to make the desired knots (We emphasize again that the
Zµ here is the neutral weak boson because in the physical
gauge where the Higgs eld assumes the trivial congu-
ration, Cµ becomes exactly the U(1) part of the SU(2)
gauge potential). In other words it is exactly the spon-
taneous symmetry breaking of SU(2)  U(1) to U(1)em
which generates the hypermagnetic flux of our knots. In
the Abelian gauge theory, of course, these magnetic knots
become unstable. But in our case the non-trivial topol-
ogy of the Higgs eld provides the stability of the knots.
The existence of the hypermagnetic knots should have
a deep impact on the electroweak phenomenology. To
discuss the physical implications of the knots we must
know the energy of the knots. Clearly the energy of our





















m2/λ ’ 174 GeV . To estimate the energy
it is important to remember the energy of the Faddeev-
Niemi knots described by the Lagrangian (1) is given by
[5]
En  16pi233/8 jnj3/4µ ’ 238 jnj3/4µ, (26)
where n is the knot quantum number given by (3). From
this we can estimate the energy of our knots. In the
absence of ρ and Zµ, (25) implies that [18]





’ 119 jnj3/4 sin θ mZ , (27)
where mZ and θ are the mass of the Zµ boson and the
Weinberg angle. So, with mZ ’ 90 GeV and sin2 θ ’
0.23, we arrive at the following lower bound for the energy
of the electroweak knots,
En > 5.13 jnj3/4 TeV. (28)
This (with the equipartition of energy) suggests that the
mass of the lightest electroweak knot is around 15 TeV ,
which is a very interesting number. This tells that our
knots are quite heavy, but probably not as heavy as to
be irrelevant to the electroweak phenomenology.
Although we have not been able to obtain the analytic
solutions of the knots yet, we believe that our analysis has
establhed the existence of the electroweak knots without
doubt. It would be challenging to conrm the existence
of the electroweak knots by experiments. The details of
the electroweak knots will be published elsewhere [18].
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